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Abstract 

Supersymmetric field theories on noncommutative spaces are constructed. We 
present two different representations of noncommutative space, but we can obtain 
supersymmetry algebla and supersymmetric Yang-Mills action independent of its 
representation. As a result, we will see that the action has a close relationship with 
IIB matrix model. 
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1. Introduction 



The extended geometry known as noncommutative geometry has attracted many ph- 
ysists' attentions for years (see, for example, J|], [|], and || etc.), because the unusual 
commutation relation about space-time coordinates = iQ^ v may regularize the 

divergence arises from short distance of space-time, especially in gravity model, as the 
commutation relation [x^pj,] = %hb^ u leads AxAp > h. The notion of noncommutative 
geometry is that we regard the "point" x^ in noncommutative space as the operator x^ 
acting on a certain Hilbert space 7i, and the eigenvalues of x^ as the space-time coordi- 
nates (see dTJand ||). In order to include the space-time noncommutativity into various 
field theories, the most well-known method is the *-product formalism, but we would not 
employ it here. 

In this paper, we would like to adopt more algebraic method because of its beauti- 
fulness. Our approach is based on the argument that first quantization is equivalent to 
the introduction of noncommutativity into the phase space. We denote such a noncom- 
mutative space A. Following this argument, we can incorporate gauge field in a usual 
way, and we find a Yang-Mills action on A is very like the bosonic part of IIB matrix 
model, so we also want to investigate its fermionic part. Therefore, we try to construct 
supersymmetry algebra on noncommutative space A. We see that the algebra goes suc- 
cessfully in constructing supersymmetric scalar field theory, so is not very wrong. With 
this supersymmetry algebra, the Yang-Mills action can be obtained in the same way as 
the ordinary supersymmetry algebra through vector superfield, independent of the repre- 
sentation of noncommutative space A (surprisingly !!). The supersymmetric Yang-Mills 
action on noncommutative space A resembles IIB matrix model, and is equivalent to in 
10-dimension, i.e. when noncommutaive-space algebra A © Endj(H is generated from 
10 + 10 operators. And, with their relationship, we can evaluate the parameter which 
expresses space-time noncommutativity, and will find that must be at the same order 
as the string length a'. 

The organization of this paper is as follows. §2 is devoted to the review of [10], the rep- 
resentation of noncommutative space A and scalar field theory on it, and the introduction 
of the gauge field. In §3, we construct the supersymmetry algebra on noncommutative 
space A and supersymmetric scalar field theory on it by using the representation pre- 
sented in §2 which reproduces scalar field theory in §2. And in §4, with the results in 
§3, supersymmetric Yang-Mills theory is obtained and we evaluate the noncommutative 
parameter in comparison with string theory in special gauge, i.e. IIB matrix model. In 
§5, discussions are presented. 



2. Scalar field theory and introduction of gauge field 

The purpose of this section is to introduce gauge fields into field theory on noncom- 
mutative space. To do this, let us start with the review of |T(J, the representation of 
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noncommutative space and the corresponding scalar field theory. 
First, we present an algebra A of noncommutative space: 



[x»,p l/ }=ih8^ /i,i/ = 0,l,-.. (1) 



^ = diag(-l,+l,--- ,+1) 
ft 2 < < £ 

In the following, we set /i = 1. This algebra has a representation as operators acting on 
the Hilbert space TL consisting of square-integrable functions. That is 



2 i , P^-e- 1 ** (2) 

P^ = -id„ - -Q^x u 



acting on f(x) = f(x , a; , • • • , x ) ETC. 

This representation space is d- dimensional, and it seems to be too many. In fact, for 
example, if d — 4, we can represent the algebra on 2-dimensional space: 



x° = x° + d 1 , x 1 =x° + x 1 , 
x 2 = x 1 + d , x 3 = d + d\. 

But in our representation (2), as we shall see later, we must include the algebra EndjH, 
so the rf-dimensional space is needed. 

Next, we will construct scalar field theory on the noncommutative space A. This 
model is constructed from the Einstein energy-momentum relation + m 2 = by 
replacing the phase-space coordinates with the corresponding operators: p^— 



(p^ + m 2 )(j)(x) = (3) 

{Hd, - ie-V)(-<^ - + m 2 }0(x) = o 

The action that produces this equation of motion (3) is 



S = J d d x^{x){{-id ll - ^e^VX-id" - ^Q-^ p x p ) + m 2 }(j)(x) 

= j d d x{- (-id^ + ±e-y)^(x)(-id>* -Iq-^x^x) +m 2 <p\x)<P(x)}. (4) 
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From this action, we obtain the equation of motion for <jr(x) at the same time: 



{(-id, + ie-V)(-tf" + \®- l » p x p ) + m 2 
(p'p'» + m 2 )^(x)=0 



}^(s) = 



(5) 



The operators x'^ and p'^ generate End^Tt, i.e. ^4-linear maps p : H^H, p(af) = ap(f) 
for a e A, f e H. 



All x'v and p' are commuting with x M and 

We are now ready to introduce gauge fields. Here, we also use the same method as the 
previous scalar field theory. That is, we will replace the phase-space coordinates x^.p, 
and gauge field A,(x) in the Einstein energy- momentum relation in the presence of gauge 
field with the corresponding operators acting on the Hilbert space 7i. 

To begin with, let us define the derivation 5, in A: 



(6) 





(7) 




{p^ + A^ + A^ + m 2 = 
4 




Leibnitz rule 



V^af) = (ip, + iA^)(af) 
= (5„a)f + aVj. 



(9) 
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From this equation, we obtain 



[i^a] = 0, VaeA 
A'p G End A H. 

Therefore, we write A'^ = A^(x'). Similarly, 



{% - - >) + m 2 }^(x) = 0, (10) 

V M = ip'^ - (11) 
A„ = A^x) e A. 

As we have seen, £ A couples to A^(x') G End^H, and p'^ G Endj(K to A^{x) G A, 
so we must consider A © End j(H as the algebra of noncommutative space. 
The action that produces the equations of motion (8) (10) is 



S = jd d x{ ~(p'^-A^x))(P\x)(p^ + A^(x'))(f)(x)+m 2 (f)\x)(f)(x)y (12) 

The gauge transformation is realized in the algebra A and End j(K respectively. For any 
unitary element U(x) G A and U (x r ) G End /hi, 



V^U^(x)V^U(x) =s> A^x)^U^x)A^x)U(x), (13) 
V^U\x r )V,U(x>) A^(x') ^ ^(x')^^')^')- (14) 

And the gauge invariance of tha action (12) is achieved by the partial integration under 
the transformations (p(x) — > U(x') (p(x) and 0'(x) — > [/'''(x)^(x). 

From the connections (9) (11), we can construct the field strength G .4. and F' G 
EndjTt, respectively, in the following way. 



= -[A /t (x),^(x)]-<e- 1 , (is) 

= -[A ll (x'),A u (x>)} + iO-J. (16) 



And their gauge transformations are 



4 



F^^rffflF^Uix), (17) 

K^ ui (^)KMn (is) 

After we construct the integral, in other words, the trace which has cyclic symmetry 
J ab = J ba (see Appendix), we can obtain the Yang-Mills action on noncommutative 
space A © End_/H: 

Sym = J F, U F^ + J F'^F'^ 

= J [[A»{x),A v {x)][A»{x),A v {x)\ 

A„(x')][A»(x'),A»(x')} - 29- 1 9- 1 ^}. (19) 

Here, we find that the Yang-Mills action on noncommutative space looks very like the 
bosonic part of IIB matrix model if d=10. Therefore, in the next section, we will try 
to introduce the supersymmetry algebra on noncommutative space, and investigate the 
fermionic part of the Yang- Mills theory in the later section. 



3. Noncommutative supersymmetry algebra and chiral superfield theory 

In this section, let us give a supersymmetry algebra on noncommutative space, and 
supersymmteric chiral field theory. We will see that, under the representation (2) (7), the 
bosonic part of the supersymmetric action of chiral superfield reproduces the action (4). 

For concrete calculation, we set d = 4, i.e. fx, v, p, X, ■ • ■ are 50(3,1) vector indices 
and a, /3, 7, S, ■■■ 50(3,1) Weyl spinor indices. a ,9a are Grassmann coordinates, and 
the Hilbert space TC is extended to Ti. © {6 a , 9a} ■ For detailed notation, see [g]. 

First, we give the supersymmetry algebra. 



{Q a ,Q*} = -*L(h + K) 
{Qa,Qp} = {Q*,Q l 3} = 

[Q a ,P, + P' fl ] = [Q a ,P, + P' fl )=0 (20) 
The representation of this algebra, which does not depend on that of .4.® End^H, is 
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(22) 



Similarly, let us define the supersymmetric derivatives as follows: 



(23) 



{D a ,D & } = a^(P„ + Pp, 
{D a ,D p } = {D & ,Dg} = 0, 



(24) 



[D a ,P, + P' tl ] = [D A ,P, + P^] = 0, 

{Q a , Dp] = {Q & , D p } = {Q a , D„} = {Q A , D a } = 0. 



Next, as the representation of A © EndXH, we adopt (2) (7) to construct the chiral 
superfield theory, and show that it reproduces the action (4). 

Under the representation (2) (7), the Hilbert space is the space of square-integrable 
functions F(x,9,9) on the superspace (x^,9 a ,9a)- These functions are called superfields 
and expanded in powers of 9, 9 as 



Under these transformations, we can construct the invariant integral. Here, the integra- 
tions about the Grassmann coordinates 9, 9 are regularized. 



F(x, 9, 9) = f(x) + 94>(x) + 9x(x) + 99m(x) + 99n(x) 

+9a^9v^x) + 999\{x) + 999^(x) + 9999d(x). 

Let us define the supersymmetry transformations as follows: 



(25) 



5,F(x,9,9) = (^Q + CQ)F(x,9,9). 



(26) 




(27) 





d x (total derivatives) = 
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Let us turn to the chiral superfields. Similar to the ordinary case, we define the chiral 
superfields on noncommutative space as 



D & $(x, 6, 9) = 0. (28) 
The field $ lives in the Hilbert space. The general solution of this equation is 

9, 6) = e^ 5e ^ xV {A(y) + V29^(y) + 99F(y)}, y^ = x" + i9o»9 
= A(x) - 9a»9p tl A(x) - ^9999p^A(x) 

+V29^(x) + —=99p^{x)a ll 9 + 99F(x). (29) 
v2 

The anti-chiral superfields are defined through the equation: 

D a &(x,9,9) = 0. (30) 

And its general solution is 

&(x, 6, 9) = e^" e ^ V {A%t) + V29$(yt) + 99F\tf)}, y^ = a? - i9a»6 
= A\x) + 9a»9p'^A\x) - ^9999p'^A\x) 

+V294>(x) - -^=999a%^(x) + 99F\x). (31) 
v 2 

By making use of these fields, we can obtain the supersymmetric action in the following 
form: 

S = J d 4 xd9d9Sd9 e-^ e » ix "&{x,9,9)$(x,9,9) (32) 
= J d 4 x{ -p'^(x)p"A(x)+i>(x)a'"p^(x) + F*(x)F(x) 

+ [- ±At(x)^e-W(a;) - -^{x)a»Q-lx v i>{x) 

-ife-Ve;y^(i)A(i)] }. (33) 

The [• • •] term in (33) is from the integration measure e -k eu ^^^ xV which ensures the 
supersymmetry-invariance of the action. Besides this counter term, the bosonic part of 
(33) reproduces (4) for massless case. So, the representation (21) (22) seems fairly well. 
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4. Supersymmetric gauge theory on noncommutative space 



This section will be allotted for the supersymmetric gauge theory, and we will see that 
it has a close connection with IIB matrix model. Before turning to the task, I recommend 
you to see Appendices for the definition of the trace. In order to construct the gauge 

theory, we need the trace which has cyclic symmetry Jab = J la to ensure the gauge- 

invariance. However, for example, the representation (2) (7) is essentially the harmonic 
oscillator, i.e. infinite dimensional matrix, so the usual trace that sums up the diagonal 
components is not suitable for the purpose. After you see Appendices, the discussion in 
this section can be done, independent of the representation of A © End A H. Now, we fix 

J denotes the trace that has cyclic symmetry. 

As we have seen in §2, the gauge fields live in A and End j(H respectively, so we must 
think of the superfields generated from A © {9, 9} and End/H © {9, 9}. Because these 
superfields have the same forms as usual ones, we can expand them as follows: 

F(x, 9, 9) = f(x) + 9<f)(x) + 9x(x) + 99m(x) + 99n(x) 

+9a ll 9v fl (x) + 999\{x) + 999if;(x) + 9999d(x), (34) 
F(x', 9, 9) = f(x') + 9(f)(x') + 9x(x') + 99m(x') + 99n(x') 

+9a^9v II {x > ) + 999\{x') + 999^{x') + 9999d{x'). (35) 

For these superfields, let us define the supersymmetry transformations in the algebra 
A © End A H. 

5zF(x, 9, 9) = [iQ + lQ, F(x, 9, 9)} (36) 
5zF(x', 9, 9) ee [iQ + CQ, F(x', 9, 9)} (37) 

Under these transformations, we can obtain the invariant action in A © End XH by using 

the integral J . 

I = J \J d9d9d9d9 F(x, 9,9) + J d9d9d9d9 F(x', 9, 9)) (38) 
5^1 = J {6sd(x) + 5sd(x')) = J ( - l^\p„ X(x)} - \&»%, 1>{x)\) = 

Later, in order to use as the gauge transformation, let us define the chiral, anti-chiral 
superfields living in A and End_/H. Their definitions are 

chiral superfield = 0, (39) 

anti-chiral superfield [D a ,&] = 0. (40) 
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Using the following relations, 



[D a , x» + iBa^e] = [D a , x^] = 0, 

[D a , X»] = [D a , X' M - l9(J^9\ = 0, 

we obtain the general solutions for (39) (40). 





= A(x + %9o9) + V29ip(x + %9a9) + 99F{x + i9a9) 






= $(£ + %9a9) 


(41) 


$(x',e,e) 


= A(x') + V29^(x') + eeF(x') 






= 


(42) 




= A\x) + y/W$(x) + 99F*(x) 






= &(x) 


(43) 


&(x',9,9) 


= A\x' - %9a9) + y/2ty{£ - %9a9) + 99F\x' - i9a9) 






= &(x'-i9a9) 


(44) 



The supersymmetric integral for chiral, anti-chiral superfields can be obtained as 

I c = J (J d9d9{$ 1 (x,9,9) + <f> 2 (x',9,9)} + J d9d9~{<S>\(x, 9, 9) + <$>\{x' , 9, 0)}). (45) 

5^I C = owes to the cyclic symmetry of the trace. 

At last, let us introduce the gauge fields as the vector superfields. These are defined 
in a usual way and expanded as 

V(x,9,9) = V\x,9,9), 

V(x, 9, 9) = C(x) + i9 X (x) - i9 X (x) 

+ l -99{M(x) + iN{x)} - l -99{M(x) - iN(x)} - 9a"9v lx (x) 
+i999{\(x) - \a^, X {x)]}-i999{\{x) - \a^, X (x)]} 
+ l -9999{D{x) - 1^, [F,C(x)}}}, (46) 

V(x',9,9) = V^x',9,9), 

V(x',9,9) = C(x')+i9 X (x')-i9 X (x') 

+ l -99{M(x) + iN(x')} - l -99{M(x') - iN(x')} - Ba^v^x) 

+i999{\(x') - \<T%,x(#)]} - i099{X(x') - \a^, X (x')]} 

+ 1 -9999{D(x') - i^, [p'», C(x')}}}. (47) 
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Though the gauge transformation is realized V — > V + $ + $^ + ■ • • as we will see later, 
(41) (42) (43) (44) are not clear in chirality because of their coordinates. So, we define new 
generators. 



2 

They satisfy the expected relations similar to (2) (7). 

P M = -QZ}.X V 



2 (48) 



Then, the gauge transformation becomes 



p/M — O-ijf' 1 ' 



v(x) -> y(x) + $(1 + ^0<7"0) + $ f (x - Ua^e) + • • 

V(X') -> V(X') + + -0^0) + $ f (X' - -0a^0) + 

$(X + -0^0) + $t(X - -0<^0) 
2 2 



A(X) + ^(X) + v^{^(A") + B^{X)} + 00F(X) + 66F\X) 
- l -6a»9[P^A{X)-A\X)} 

1 =000^, V«] - -^=m^[P„i,(X)] 



2V2 L ^' rv /J 2V2 
~MM[P ll ,[P*,A(X)+Ai(X)]] 

+ -0<t"0) + &(X' - -0(7^0) 
2 2 

= A(X') + A f (X') + V2{6ip(X') + 0^(X')} + 66F(X') + B9F\X') 
- l -e^9[P^A{X')-A\X')\ 

-^bb^[P'^{x')\ - ^jJee^[p'^{x')\ 
-Lee9e[P^[P^,A(x) + a\x')]] 

Comparing them with (46) (47), we see that we can take the special gauge known as WZ 
gauge such asC = x = M = iV = 0. 
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Next, let us define the supersymmetric field strengths living in A and Endjfl-L respec- 
tively. 

Wa(X) =+^[D,{D,e v &[D & ,e- v &]}], {D a ,Wa} = (anti-chiral) (50) 
W a (X') = -^[D,{D,e- v ^'\D a ,e v ^}}}, {D & ,W a } = (chiral) (51) 
Under the gauge transformation 



e nx) e -iAHX) e V(X) e iA(X)^ 

e v(x') e -iAHx') e v(x') e iA(x')^ 



they transform as 

W & (X) -> e- iK '^Wa(Xy KH± \ (52) 
W a (X') -> e- iA ^'^ a (l , )e iA( ^' ) . (53) 

Finally, we give the supersymmetic Yang-Mills action. 

S YM = - J ( J d6d9W a (X')W a (X') + J d6d6W & (X)W & (X)) (54) 
Let us write down their concrete form in WZ gauge. Then, 

v(x) = -e^ev^x) + ieeex(x) - me\(x) + -eeee{D(x) + ^,u"(z)]), 

V 3 (X) = o, 

v(x') = -da^dv^x') + ieed\{x') - im\(x') + \eeee{D(x') + {&)]), 



i 

-i 

2 



v 2 (x') = --eeeov^x'^ix') 



V 6 {X') = 0. 
Therefore the field strengths are 
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W & {X) = iK{x) + hD(x) 



4 " 7V y /3 



2 ^ 

zA d (£) + d L>(£) - ^e^(a^yMA^(x),A v (x)} + zO^ 1 } 



/3 

2 ™ 



~9ee. $ a^[A,(x),X a (x)\, (55) 
W Q (A") =-iA a (x , ) + a D(x') 

+^K,K(£'),A a (x')]. (56) 

Here, we have defined as A^{x) = + v^(x) and A^{x') = p'^ + A^(x'). In this gauge, 
the supersymmetric Yang-Mills action becomes 

S YM =-/(/ d9deW a (X')W a (X') + J d6d9W & (X)W A (X)) 

+d(x')d(x>) - ^e;je-^) 

- y (i[^(x),^(x)][^(x),A^x)] +A(x)^[A„(x),A(x)] 

= - j (^[A,(x),A u (x)}[A^x),A"(x)} -2\(x)a»[A„(x),\(x)} 

+2D{x)D{x)--Q-^Q-^). (57) 

The auxiliary field D(x) can be integrated out, so we omit it in the following. 

This is the supersymmetric Yang-Mills action on noncommutative space for any rep- 
resentation of „4© EndXH. This looks very like IIB matrix model in its form. In fact, if 
we take d = 10, i.e. • • be SO(10) vector indices and a, (3, • • • SO(10) Weyl spinor 

indices, then, 
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Sym = - j {\[A„(x),A v (x)][A»(x),A»(x)} - \^x)T»[A»{x)^{x)\ - (58) 

This action is just the matrix-regularized Green-Schwarz IIB string action in Schild gauge. 
Then, we can evaluate the parameter of noncommutativity 6 using the string tenson 



t ~ ^e-^e- 1 ^ ~ e _1 , oi ~e (59) 

Independent of the representation of A © EndjTi, the fact that the space-time noncom- 
mutativity must be at the same order as the string length is, in a sense, a desired result. 
That is to say, the space-time noncommutativity emerges at the scale the gravity is dom- 
inant. Therefore, the next aim will be the supergravity model on noncommutative space 
by using the representation (21). 



5. Discussions and acknowledgements 

In this paper, we introduced a supersymmetry algebra and constructed supersymmet- 
ric field theories on noncommutative space. As a result, we saw that the scalar field 
theory constructed by means of chiral superfields agreed with that under the argument 
the first quantization is equivalent to making the space-time noncommutative, and the 
super symmetric Yang-Mills theory on noncommutative space had a close relationship with 
IIB matrix model. There, the parameter G which expresses the space-time noncommu- 
tativity had the same order as the string scale a'. Especially, the last result is preferable 
because it shows the space-time noncommutativity emerges at the scale the gravity is 
dominant. Originally, the aim of introducing the space-time noncommutativity is to reg- 
ularize the divergence arises from the short distance in the gravitational interaction. And, 
all through this paper, taking the naive limit — > reproduces the ordinary field theories 
on commutative (geometric) space. So, it is reasonable to think that the divergence- free, 
consistent quantum gravity model can be obtained on noncommutative (algebraic) space. 
And, with the supersymmetry algebra on noncommutative space, we can expect to con- 
struct a supergravity model in a obvious way. Therefore, as an very interesting future 
work, the supergravity model with the representation (21) (22) will be appeared soon. 
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Appendix 1. 

Trace with cyclic symmetry under the representation (2) (7) 

First, we present the spectral triple (A © End/H, H, D). The representation of A © 
End XH. is 

2 (A.l) 



2 



is the space of square-integrable functions on R" 4-1 ' 1 . "Dirac operator" D is defined as 

D= l -ip^+p'^) (A.2) 

For simplicity, we set l©^ 1 ©;^ = ©~ 2 , (k = 0, • • • , (d - 1)). Essentially, \D\ = (DW)* 
is the d- dimensional harmonic oscillator whose oscillation number is -1 . Therefore, its 
spectrum becomes 



1 11 d 

eigenvalue ^ @ K + ^ = + 2^ ^n(\D\), 

multiplicity N+d -iC d -i = = m N . 

As we see from this spectrum, the ordinary trace is not appropriate for our purpose, be- 
cause that of infinite-dimensional matrix does not have cyclic symmetry, tr(ab) ^ tr(ba). 
So we must introduce a special trace known as Dixmier trace, which, so to speak, draws 
out the coefficient of the logarithmic divergence. In practice, let us calculate Dixmier 
trace tr w (|D| s ). 



tr u (\D\~ d ) = Urn 1 v J2m nfIn (\D 

log ^2 m n 



n=0 



n=0 



N^ocdlogN 

jB d (A.3) 

(Jj 
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oo, for s > —d 
0, for s < —d 



With this trace for s = —d, we can define the regularized integral with cyclic symmetry 
as follows. 



is (two-sided) ideal which transfers Va e A © End jTC to the trace class C^ 1,00 \ 
that is to say, makes the trace finite. Due to this Dixmier trace, we can obtain the 
gauge-invariance of Yang-Mills theory on noncommutative space. 



Appendix 2. 

Twist-eating solution (SU(N) matrix representation of A® EndXK) 

The representation (A.l) of the algebra A © End XH is the representation by the 
infinite-dimensional matrices. On the other hands, we can represent it by SU (N) matrices. 
In this appendix, we review its representation known as twist-eating solution. 

As the starting point, we write down the algabra A © Endj(K in the following form. 




(A.4) 




(A.5) 




u,u= ,d 



defined as 



CO 



(-1) 



X, 



logo; 



E 



n 



(U, - 1) 



n=l 




n=l 



Any element is expanded for various A © EndjH as 



15 



a— ^ a(k, k')e k ^ +k '^ x '^ , for noncommutative d-torus, 
k^ez 

a = J d d kd d k' a(k, k')e k ^ +k '^'\ for noncommutative R d . 

Here, for special case, we take d = 2g. 

First, we write = ^M^ u , and make M^ v block-diagonal by making use of SL(d, Z) 
symmetry in the following form. 



M 



( M x t 



\ 



\ 



M 2 e 



9 e } 



Then, the algebra A © Endjji. becomes 



1 
-1 



(A.6) 



2mM, 



-2mM, 



V'V 



^ /N v,v„ 



(A.7) 



Next, we have n M be the greatest common divisor of M M and iV: n M = gcd(M M ,iV), 
and take iV M = — . Now, ji = 1, • • • , g. Then, the twist-eating solution can exist only 

if Ni ■ ■ ■ N g \N. So we set N = (Ni ■ ■ ■ N g ) 2 N . When this condition is satisfied, the 
representation is given by the tensor products of SU (iV M ) matrices. 



V 2 p-i = ljvi <8> • • • <8> Pn» <8> • • ■ <S> 1jv s <E> Ijvi <E> • • • <8> 1jv s <E> ljv 

= ljV! <8> • • • <8> (Q7vJ MmAIm ® • • • ® ljV fl ® liVi ® • • • <8> ljv g <E> liV 

(A.8) 

^ = liVi ® • • • <S> 1jv 9 ® livx <E> • • • ® (<3^) M " /n " <8> • • • ® <E> ljv 

Matrices Pjy, Qjv are SU(N) clock and shift matrices and P^, Q* N are their complex 
conjugates. 



N 



/0 1 




V i 



1 

o / 



/ 1 



Q 



N 



2wi/N 



e Ani/N 



(A.9) 



e 2m{N-l)/N 
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From these representative matrices, it is clear for ordinary trace that 



tr(U^ ■ ■ ■ U k d d Uf 1 ■■■U' d k ' d )= 0, (A. 10) 

then, we can define the regularized integral as follows: 

f 1 1 

/ a = jjtr(a) = — a(0, 0) trl = a(0, 0). (A.ll) 

Using this integral, we can obtain the Yang-Mills theory on noncommutative space in the 
same way as the representation (A.l). 



References 

A.Connes, Noncommutative Geometry, Academic Press, Inc. 

A.Connes, M.R.Douglas and A.Schwarz, Noncommutative Geometry and Ma- 
trix Theory : Compactification on Tori, [hep-th/9711162 



G.Landi, An Introduction to Noncommutative Spaces and their Geometry, 
|hep-th/970i07g 



T.Banks, W.Fischler, S.H.Shenker and L.Susskind, M Theory As A Matrix 
Model : A Conjecture, |hep-th/96100l3 



N.Nekrasov and A.Schwarz, Instatons on noncommutative R 4 , and (2,0) su- 
perconformal six dimensional theory, [hep-th/9802068 



E.Witten, NON-COMMUTATIVE GEOMETRY AND STRING FIELD 
THEORY, Nucl. Phys. B268 (1986) 253-294 

S.Minwalla, M.Van Raamsdonk and N.Seiberg, Noncommutative Perturbative 
Dynamics, [hep-th/9912072 



J.Wess and J. Bagger, Supersymmetry and Supergravity, Princeton University 
Press 

B. van Geemen and P. van Baal, A simple construction of twist-eating solu- 
tions, J. Math. Phys. 27, no.2 (1986) 455 

Yoshinobu Habara, A New Approach to Scalar Field Theory on Noncom- 
mutative Space, |hep-th/0105002| 



17 



